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CP , 1. Introduction. 

For positive integers a, b and n, if n = ax 2 + by 2 for some integers x and y, we briefly 
say that n = ax 2 + by 2 . Let p > 3 be a prime. In 2003, Rodriguez- Villegas[RV] posed 



some conjectures on supercongruences modulo p . One of his conjectures is equivalent to 

p-i 



) 2 (? ) _ / 4x 2 - 2p (mod p 2 ) if p = x 2 + 3y 2 = 1 (mod 3) 



k=0 



108 k { (mod p 2 ) if p = 2 (mod 3). 



This conjecture has been solved by Mortenson[Mo] and Zhi-Wei Sun[Su2]. 

Let Z be the set of integers, and for a prime p let Z p be the set of rational numbers 
whose denominator is coprime to p. Recently the author's brother Zhi-Wei Sun[Sul] 

posed many conjectures for Y7k=o Ck) ^k) m ~ k ( m °d P 2 ), where p > 3 is a prime and 
m G Z with p \ m. For example, he conjectured that (see [Sul, Conjecture A13]) 

p-i (2k\ 2 (3k\ fO(modp 2 ) ifp = 7, 11,13, 14 (mod 15), 

(1.1) ^2 ^ '- ™J = < Ax 2 - 2p (mod p 2 ) if p = x 2 + Ihy 2 = 1,4 (mod 15), 
fc=0 [ 20x 2 - 2p (mod p 2 ) if p = 5x 2 + 3y 2 = 2, 8 (mod 15). 

Let {P n (x)} be the Legendre polynomials given by (see [MOS, pp. 228-232], [G, 
(3.132)-(3.133)]) 

(1.2) P n (x) = — y( f] (~l) k ( 2U ~ 2k )x n ~ 2k = — L_r ~{x 2 - IT, 
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where [a] is the greatest integer not exceeding a. From (1.2) we see that 

(1.3) Pn(-X) = (-l) n P n (x). 

Let (^) be the Jacobi symbol. For a prime p > 3, in [S2] the author showed that 

<-) %»-S(?)(?)(^r-Eff)(?)(^)^* 

/c — k — 

We note that p | ( 2 fc fc ) ( 3 fc fc ) for | < k < p. In the paper, using the work of Brillhart and 
Morton [BM] we prove that 

/, ^ _ , fp\ /x 3 + 3(4t-5)x + 2(2t 2 -14t + ll)\ , , , 

Based on (1.5) and the work of Ishii[I], we determine 

Ftp, i modp for £ = -, -=, — t — , — , V5, — V5, ^— , — V41, V89. 

[ 3 JW v F > 4' v /=2' 4 V2 20 4 ' 32 '500 

For instance, if p = 1,4 (mod 5) is a prime, then 
%](V5) = 



2x(#) (mod p) if p = x 2 + 15y 2 = 1,4 (mod 15), 



3 

(mod p) if p = 11, 14 (mod 15). 

Let p > 3 be a prime, m e Z p , m ^ (mod p) and t = a/1 — 108/m. In the paper we 
show that 



P-1 /2fc\ 2 /3fe\ 

(1.6) £ Uj fc Uj = % ]W 2 (mod p) 
and that 

P-1 /2fe\ 2 /3fc\ 

(1.7) P[E](t) = (mod p) implies £ Uj fc U j = (mod p 2 ). 

fc=o m 

On the basis of (1.6) and (1.7), we prove some congruences for YX=o Ck) 2 Ck) m ~ k m ^ ne 
cases m = 8, 64, 216, -27, -192, -8640, -12 3 , -48 3 , -300 3 . Thus we partially solve some 
conjectures posed by Zhi-Wei Sun in [Sul]. As two examples, for odd primes p ^ 11 we 
have 

CkfCk) - j x2 ( mod P) if (n) = 1 and so 4 P = ^ 2 + Il2/ 2 , 
^ 64* = 1 (mod p 2 ) if(&) = -l, 

for odd primes p with (y) = 1 we have 

Ck ) Ck) _ / x2 ( mod P) if P = 1 ( mod 3 ) and so 4 P = x 2 + 51y 2 , 
^ (_12)3fc = \ o (modp 2 ) ifp = 2(mod3). 
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2. A general congruence modulo p 2 . 

Lemma 2.1. Let m be a nonnegative integer. Then 



^(2k\ 2 (3k\f k \ k = ^ (2k\ (3k\ (2(m - k)\ (3{m - 

^ o U; U;w-v l J t^Kkjykjy m-k )\ m-k , 



We prove the lemma by using WZ method and Mathematica. Clearly the result is 
true for m = 0, 1. Since both sides satisfy the same recurrence relation 

81(m+l)(3m+2)(3m+A)S(m)-3(2m+3)(9m 2 +27m+22)S(m+l) + (m+2) 3 S(m+2) = 0, 

we see that the lemma is true. The proof certificate for the left hand side is 

_ 729k 2 (m + 2)(m - 2k)(m -2k + l) 
(m-k + l)(m-k + 2) ' 

and the proof certificate for the right hand side is 

9k 2 (3m - 3fc + l)(3m - 3k + 2) (9m 2 - 9mk + 30m - Uk + 24) 
(m- k + l) 2 (m- k + 2) 2 ' 

Theorem 2.1. Let p be an odd prime and let x be a variable. Then 

£ (*)'(*) ^ ~ ^ s & ( * ) ( *)**)' < mod ^ 

k=0 v 7 v ' k=0 \ / \ / 

Proof. It is clear that 

P _1 /m \ 2 



£ ( * ) 



m=0 fc=0 
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Suppose p < m <2p — 2 and < < p — 1. If /c > |, then p | ( 2 fc ) and so p 2 | ( 2 fc fc ) . If 
k < |, then m — k > p — k > k and so ( _ fc ) = 0. Thus, from the above and Lemma 2.1 
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we deduce that 




x r (mod p 2 ). 



If f < k < p-1, then ( 2 fc fc )( 3 fc fc ) = ^ =0 (modp 2 ). If < k < § andp-A; < r <p-l, 
then f < r < p - 1 and so ( 2 r r ) ( 3 r r ) = = (mod p 2 ). If f < k < f and p - jfe < r < 
p - 1, then r > p - > §, ( 2 fc fc ) ( 3 fc fc ) = = (mod p) and ( 2 r r ) ( 3 r r ) = = (mod p). 
Hence, forO</c<p-landp-A;<r<p-lwe have p 2 | ( 2 fc fc ) ( 3 fc fc ) ( 2 r r ) ( 3 r r ) and so 




= (mod p 2 ). 



Therefore the result follows. 

Corollary 2.1. Let p > 3 be a prime and m G Z p m ^ (mod p). TTien 

fc=0 fc=0 \ / \ / 

Proof. Taking x = 1 'v/ 1 10 ^ /Zi j n Theorem 2.1 we deduce the result. 

3. Congruences for P[ p / 3 ](t) (mod p). 

Let W n (x) be the Deuring polynomial given by 

(3.1) W n (x) = [ k ) * k - 

-0 



It is known that ([G,(3.134)],[BM]) 

1 + x 



(3.2) W n {x) = {l-x) n P n ( T 



x 



Let p > 3 be a prime , m, n G Z p and 4m 3 + 27n 2 ^ (mod p). From [Mor, Theorem 
3.3] we have 



y4 /x 3 + mi + n\ 

(3.3) p 

^-(-48m)^(864n)^(-16(4m 3 + 27n 2 ))^lj p ( 4 ^^ 2 ) (modp), 
where J p (t) is a certain Jacobi polynomial given by 

(3.4) j p (t) = ms^p^f (S),_i( ^ )) (l - ^) 

and 

Theorem 3.1. Let p > 3 be a prime and t G Z p . T/ien 



%W - -(f) £ ( j3+3(4t - 5)j + 2(2t2 - 14t + 11> ) (mod p). 



Proof. It is well known that -P n (l) = 1- Since P[£](l) = 1 and 
^2 ^ 3 -3x-2j ^(x + l) 2 (x -2) j f x ~ 2 \ (- l ~ 2 \_ fP 

x=0 P x=0 P ' x=0 



we see that the result is true for t = 1 (mod p). Since P[|](— 1) = ( — 1) ^^-f > [§] (1) = (f) 
and 

g^x 3 - 27x + 54j _g^(-3x) 3 - 27(-3x) + 54j _ ^-3\ g ^x 3 - 3x - 2 j _ i 

x=0 P x=0 P P x=0 P 

we see that the result is also true for t = — 1 (mod p). 

Now we assume t ^ ±1 (mod p). Set W n {x) = ££ =0 © x * '■ From [ BM > Theorem 6] 
we know that 



«p(x)(x -27)1*1 J p (^-^!) (modp), 



where J p (x) is a certain Jacobi polynomial given by (3.4) and 

< 1 if p = 1 (mod 12), 



u p (x) = < 



if p = 5 (mod 12), 
if p = 7 (mod 12), 
k -3(x- 24)(x 2 - 36x + 216) if p = 11 (mod 12). 



-S(x - 24) 
x 2 - 36x + 216 



Set x = 54/ (t + 1). We then have 
(3.5) 

W [f] ((f-l)/(f + l)) 

(-dp) 



(-dp) 

^z^ ( 3^za)[A] Jp (jjg^) ( modp) 



if p = 1 (mod 12), 
if p = 5 (mod 12), 
if p = 7 (mod 12), 

1944(4t "g|T;- 14t+11) (^) [ * ] ^(jSgfj^) p) if p= 11 (mod 12). 

By (3.2) we have 

-,«(^) - (i - &rMwm) - 

If p = 2 (mod 3) and £ = | (mod p) , from the above we get 



On the other hand, 



p-i 

X=0 



x 3 + 3(4* - 5)x + 2(2t 2 - Ut + 11) 



p 



x=0 



Thus the result is true when p = 2 (mod 3) and t = | (mod p). If p = 3 (mod 4) and 
2t 2 — 14t + 11 = (mod p), from (3.5) and (3.6) we deduce that 



%(*) = 



t+l\[§] 



lsJ \t + 1 



(mod p). 



As 



p_1 ,^3 



p-1 



p-1 



^x 3 + 3(4t-5)xj ^(-x) 3 + 3(4t-5)(-x)j _ ^ ^cc 3 + 3(4* - 5)x j 



x=0 

we see that 

p_1 



x=0 



P 



x=0 



P 



^j^x 3 + 3(4t-5)x + 2(2t 2 -14t + ll)j _ ^4 ^x s + 3(4* - 5)x j _ Q 

x=0 ^ ' x=0 ^ 



Thus the result is true when p = 3 (mod 4) and 2t 2 - 14t + 11 = (mod p). Set 
m = 3(4* - 5) and n = 2(2t 2 - 14* + 11). Then 



,3^2 tnn , w ^ , 2 8 -3 3 m 3 432(5 - 4*) 3 

4m 3 + 27n 2 = -432 1 -t 1 + * 3 and so — = — —- = - — y — '—. 

v /v ; 4m 3 + 27n 2 (1-*)(1 + *) 3 



By the above we need only to assume m ^ (mod p) for p = 2 (mod 3) and n ^ (mod p) 
for p = 3 (mod 4). From (3.3) we see that 

/ 432(5 - Atf \ / 2 8 • 3 3 m 3 \ 
H(l-t)(l + t)3j - Jp Um 3 + 27n 2 J 

= -(-48m) il ^(864n)^^(-16(4m 3 + 27n 2 ))-^]^( x3 + ma: + n ) (mod p). 



If p = 1 (mod 12), from all the above we deduce that 

%(*) 

/f + l\[f] /*-lx _ /t + l^/ 27(l-j) \^ , 432(5 -4t) 3 , 



t + 1/ V 2 / V 1 + * ; + 
= -2" V( 3 (* + 1)) V(i - *)^(16 • 432(1 - + t) 3 )"^ £ ( x3 + mX + n ) 

x=0 ^ 

/x 3 + 3(4t-5)x + 2(2t 2 -14t + ll)\ . , 

= - I ; ) ( mod 

x=0 ^ 

If p = 5 (mod 12), from all the above we deduce that 
%(*) 

/£+l\[§] ft-l\ _ ft + 1\ 18(4*- 5) /27(1 -*)\ ^ , 432(5 - 4*) 3 , 

= 1— J w w UttJ = l~2~>) t+i Inr^J J ^(i-t)(i+t)3) 

= 2~ — 3— (4*- 5)(l + t) — (1 -t) — (144(4* - 5))" 1 

p— 1 o 

x 



(16 • 432(1 -*)(! + t) 3 )"^ £ ( * + ™* + " ) 

x=0 P 

^ /x 3 + 3(4t-5)x + 2(2t 2 -14t + ll)\ . , 
= ^ J (mod p). 



x=0 L 



If p = 7 (mod 12), from all the above we deduce that 



* + l\[f] ft-1 



P [5lW = (i±i)"V 151 ( 



*+L 

* + 1\ Vl08(2t 2 -14t + ll) /27(1 -t)\^ , 432(5 - 4t) 3 , 

~ir) (t + i) 2 1 T+t ) p ^(i-t)(i+t) s > 

= -2-^3^ (2* 2 - 14* + 11) (1 + ^)^(1 -*)^(1728(2* 2 - 14* + ll))" 1 

p— 1 o 

p-7 \ -v /ar + mi + n s 



x (16 ■ 432(1 - + t) 3 )"^ £ { X +mX + U ) 
/x 3 + 3(4*- 5)z + 2(2* 2 - 14* + 11) \ , , , 

= - 2^ (, J ( mod p) 



If p = 11 (mod 12), from all the above we deduce that 
'* + l\[§] (t-Y 



%(«)=m%>( 



*+ + 

t + l\ £ f 1 1944(4t-5)(2t 2 -14t + ll) /27(l-t)\ £ w i , 432(5 - 4*) 3 



2 7 (* + l) 3 V 1 + * / Jp( ^(l-t)(l + t) 3 ' ) 

P— 1 o 

' x + mx + n \ 



x (16 ■ 432(1 - *)(1 + t) 3 )"^ £ 

/z 3 + 3(4*-5)£ + 2(2* 2 -14* + ll)\ , , , 
= £ J (mod p) 



This proves the theorem. 

Corollary 3.1. Let p > 3 be a prime and let t be a variable. Then 



b/3] "lk\ /3fc\/l-fx* 



^ V k J \k J\ 54 

p- 

= P[E](t) = ^2(x s + 3(4*- 5)x + 2(2t 2 - 14*+ H))^ (mod p). 



x=0 



Proof. From [S2, Lemma 2.3] we have P [f] (*) = Y}k=Q (^f) fc ( mod P)- B J 

Theorem 3.1 and Euler's criterion, the result is true for * = 0, 1, . . . ,p — 1. Since both 
sides are polynomials of * with degree at most p— 1. Using Lagrange's theorem we obtain 
the result. 
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Corollary 3.2. Let p > 17 be a prime and t E Z p . Then 

P_1 - -.3 I 0(A+ _ Z.\ry _i_ 



XI ( ~ _ ) 

g ^ z 3 - 3(4t + 5)x + 2(2t 2 + 14t + 11) j 



Proof. Since %](-£) = (-1) [ 3 ] P[£] (t) = (§)%](*), by Theorem 3.1 we have 



P\ g ^ 3 -3(4t + 5)x + 2(2t 2 + 14t + ll) ^ (mod p) 

x=0 P 



-3 

By Weil's estimate ([BEW, p. 183]) we have 



1^-4 /x 3 + 3(4t-5)x + 2(2t 2 -14t + ll)\ 

IM J 

| ^ ^ 3 - 3(4t + 5)s + 2(2t 2 + Ut + 11) \ 

p ) ~ Wp - 

x=0 L 

Since 4^/p < p for p > 17, from the above we deduce the result. 
Corollary 3.3. Let p > 3 be a prime. Then 



g ^ 3 - 120x + 506 ^ _ f H)L if3\p-l,4p = L 2 + 27M 2 and 3 | L - 1, 



x=0 



V 

ifp = 2 (mod 3). 



Proof. It is easy to check the result for p = 5, 7, 11, 13. Now we assume p > 17. Taking 

5 
4 



t = I in Corollary 3.2 we find that 



£(^M!)&^^M!)&« + 

x=0 ^ i=0 1 x=G 1 

[P\ /2\ ^ /x 3 - 120x + 506 \ 
For p = 2 (mod 3) it is clear that 

p-l 3 27 P _1 ^ 27 P- 1 



253 
2 1 4 



£(^)=£(^)=£( 

x=0 ^ a:=0 ^ ie=0 

9 



0. 

p/ 



Thus the result is true when p = 2 (mod 3) . 

Now assume p = 1 (mod 3), p = A 2 + 3B 2 , 4p = I? + TIM 2 and A = L = 1 (mod 3). 

p— i 

It is known that 2 _ 3 _ = 1 (mod p) if and only if 3 | B. When 3 f S we choose the sign of 
B so that B = 1 (mod 3). By [SI, (2.12)] we have 2^" 1 V3 = i (_i _ |) ( mo d p ). From 
[SI, (2.9)-(2.11)] we deduce that 

P_1 -x 3 -27/4x ^ /x 3 -27/4\ 



E(^H+E(^) 



a;=0 x=l 

-2A = L (mod p) if 2^ = 1 (mod p), 
A + 3B = L (mod p) if 2 "a - ^ 1 (mod p) and B = 1 (mod 3). 

Thus 

^ /x 3 - 120x + 506 \ _ /2\ ^ /x 3 - 27/4 \ _ /2\ 

This completes the proof. 

Theorem 3.2. Let p > 3 be a prime. Then 
(i) Ifp = 2 (mod 3), toen 



fc=0 v ; fc=0 

(ii) Ifp=l (mod 3) and so 4p = L 2 + 27M 2 mft L,MeZ and L = 1 (mod 3), t/ien 

E(=^-E 1 ^ z -%](4)-- L -(ir)( v [1] ) ( mod ^)- 

fc=o v ' fc=o ^ \ L12J / 



Proof. Putting t = ±| in Corollary 3.1 we get 



r [p/3] /2fc\/3fc\ r [p/3] /2fc\/3fc\ 

fc=0 v 7 ' fc=0 



This together with (1.3) yields 

[p/3] (2k\ (3k\ [p/3] /2fc\ /3fc\ 

A;=0 V ; fc=0 

If p = 2 (mod 3), by Theorem 3.1 we have 

P- 1 „3 27 P" 1 „, 27 P- 1 



%: ( j) - E = E ( V) = ? (§) = (mod p) - 



x=0 ' x=Q ' x=0 

10 



Thus (i) is true. 

Now assume p = 1 (mod 3), 4p = L 2 + 27M 2 and L = 1 (mod 3). By Theorem 3.1 
and the proof of Corollary 3.3 we have 



%(l)--E(^)=-Mmodp). 



x=0 

On the other hand, by the proof of Theorem 3.1, 
■5\ /# + lx[§],„ /!-!• 



%(i)-(^) l X>(fir) 

' (D^C^I 12 )^^) = (-l)^3-Vj p (0) (mod p) ifp=l (mod 12), 

= < /Q^V 108(2(|) 2 -14-| + 11) / 27(l-|) ^ , 

k = -8(-l) ^3-^^(0) (mod p) if p = 7 (mod 12). 

By the definition of J p (x), we have 



J p (0) = 17281*1 .2-1*1 ^ fl&l - KSA 3( p\m-r 2 r 



r=0 v 7 v L 12J 



= 1728^1 f^ jl 3)") = (_1728)1* 



'1(f)- 1 

-12J ' v t^] 



Hence 

■ 2( P -1) - 



J p (0) = (-1728)1-1 [ J_ ] J (modp) 



and therefore 



5 ( (-l)^3-^(-1728)^(^) = (§)(^) (modp) if 12 |p - 1, 

W\,4/ I p-7 p-7 r— ^ ,. 2(P-1) . ,-, ., 2(p-l) 

V4/ _ 8( _i)^3-^V ( _i728)^(T) =-f) -^T) (modp) if 12 | p - 7. 

V 12 ^ 12 

Now putting all the above together we obtain the result. 
Remark 3.1 For any prime p > 3, Zhi-Wei Sun conjectured that ([Sul, Conjecture A46]) 

V ~ X (3fc)! _(V\ V ^ (3fc)! _ ( (^JiV/a 3 ) ( mod P 2 ) if P = 1 ( mod 3 )' 



^ 24* • fc|3 - W ^ (-216)* • fc! 3 " 1 (mod p) if p = 2 (mod 3). 



k=0 k=0 

_ 1 /-2fe\2/ 3 fc 

4. Congruences for ^£ =0 m k 



Let p > 3 be a prime and m e Z with p \ m. In the section we partially solve Z.W. 
Sun's conjectures on X^aUo ( 2 fc fc ) ( S k) m ~ k ( m °d P 2 )- 
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Theorem 4.1. Let p > 3 be a prime, m E Z p , m ^ (mod p) and t = a/1 — 108/m. 
Then 

P-1 /2fc\ 2 /3fc\ P-l 2 

E Uj 1 = % w 2 = ( 5> 3 + - ^ + 2 ( 2t2 - 14t + n ))^) ( mod p)- 

777/ V / 

fc=0 x=0 

Moreover, i/ %](£) = (mod p) or ^:J(i 3 + 3(4* - 5)x + 2(2t 2 - 14* + ll))** 1 = 
(mod p), then 

P-l /2fc\ 2 /3fc\ 

^ UZAaI = (mod p 2 ). 

fc=o m 

Proof. Since ^(1 - 27 • ^) = i, by Theorem 2.1 we have 

(zL1) ^^^ = (^(fcj(jfcj("5r) ) {modp ) - 

k=0 k=0 \ / \ / 

Observe that p | ( 2 fc fc ) ( 3 fc fc ) for [§]<&< p. From the above and Corollary 3.1 we see that 

k=0 v 7 v 7 

p-1 

= P [f] (£) = -(^) ^(x 3 + 3(4t-5)x + 2(2t 2 - 14*+ 11))V (mod p). 
This together with (4.1) yields the result. 

Theorem 4.2 ([Sul, Conjecture A8]). Let p > 3 be a prime. Then 

g ( 2 fc) 2 ( 3 fc) _ / L 2 (mod p) ifp = 1 (mod 3) and so 4p = L 2 + TIM 2 , 



k=0 



(-192) k [0 (mod p 2 ) ifp = 2 (mod 3). 



Proof. Putting m = —192 and t = | in Theorem 4.1 and then applying Theorem 3.2 
we obtain the result. 

Lemma 4.1. Let p be an odd prime and let a,m,n be p-adic integers. Then 
p—i p— l 

^^(x 3 + a 2 mx + a 3 n) R ^ r ' = ^^(x 3 + mx + nf^~ (mod p). 

x=0 x=0 

Moreover, if a, m, n are congruent to some integers, then 

y-v + a mx + a n j j + mx + n j 

x=0 ^ ^ x=0 ^ 

12 



Proof. For any positive integer k it is well known that (see [IR]) 

p-i 



x=0 

Since 
p-i 

(x + a mx + a n) 2 

x=0 

p-1 (p-l)/2 



r p — 1 (mod p) if p — 1 | k, 
(mod p) if p — 1 f fc. 



E E ( (P " fc 1)/2 )(^ 3 + a 2 mx) fc (a 3 n) £ ^- fc 

x=0 fc=0 ^ ' 

E ' if ( (p ~ fc 1)/2 ) E ( V(<.w)*-Vn)^ 

x=0 fc=0 ^ ' r=0 ^ ' 

(p-l)/2(p-l)/2 p-1 



- E E ( (p " fc }/ ) ( W-v«)^-*E 

- (p - 1) 1 if (£" ( p " \~ 2r ) (« 

1) e (ir 1 1 ^( p " 1 r " 2r )^- i - 3r " 2r -^(-d P ), 



-<r< 

4 — ' — 3 



we see that the congruence in Lemma 4.1 is true. 

Now suppose that a,m,n are congruent to some integers. If a = (mod p), clearly 

^ ^i° + a fra + a nj E( ) E (^j ^ ( Q )l]( ) 

x=0 ^ x=0 ^ x=o P P x=0 ^ 

If a ^ (mod p) , then clearly 

^x 3 + a 2 mx + a 3 n j ^ (ax) 3 + a 2 m(ax) + a 3 n j ^4 ^x 3 + mx + n j 

x=0 ^ x=0 ^ ' ^ x=0 ^ 

Thus the lemma is proved. 

Lemma 4.2. Let p be an odd prime. Then 

P_1 'x 3 -30x - 56- 



x=0 P 



(_l)[f ]+i(|)2c ifp = 1, 3 (mod 8), p = c 2 + 2d 2 and 4 | c - 1, 

ifp = 5,7 (mod 8). 
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Proof. From [BE, Theorems 5.12 and 5.17] we know that 



p_1 ,^3 



X 



4x 2 + 2x\ f (-l)[fl +1 2c if p = c 2 + 2d 2 = 1,3 (mod 8) with 4 | c- 1, 



V P / I. otherwise. 

As 27(x 3 - Ax 2 + 2x) = (Sx - 4) 3 - 30(3x - 4) - 56, we see that 
y4 ^x s - 4x 2 + 2x j 



3^ ^4 ^(3x - 4) 3 - 30(3x - 4) - 56^ ^4 ^x 3 - 30x - 56^ 

p 



Thus the result follows. 

Lemma 4.3. Let p be an odd prime. Then 

p-i 



p-i 



^(n 3 - (15 + SOv 73 ^ - 28 + TOv^))^ 



n=0 



_ \ ( 2+ ^ )(-l)[f] +1 (|)2c (mod p) ifp = c 2 +2d 2 = 1,3 (mod 8) and 4 | c- 1, 

(mod p) if p = 5,7 (mod 8). 

Proof. It is easily seen that 

-15(1 + 2 V /Z 2) = -30 ~y^ y anc i _ 2 8 + 70V^2 = -56 ^ "^T^ ) 3 . 



-2 

Thus, by Lemmas 4.1 and 4.2 we have 
p-i 



i nS - ( 15 + 30v^2)n - 28 + 7Q^2)) 

n=0 

= ( 1 ~^? ) ^ ]T> 3 - 30n - 56)^ 



£-1 

2 



n=0 
p-i P-l 



T E 



2 + v / -2\ ii 2 ± ^ /n 3 -30n-56 



n=0 ^ 

( 2+ ^ )(-l)[f] +1 (|)2c (modp) if p = c 2 + 2d 2 = 1,3 (mod 8) and 4 | c - 1, 
(mod p) if p = 5, 7 (mod 8). 

This proves the lemma. 
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Theorem 4.3. Let p be an odd prime. Then 
%(5/>/=2) 

(_!)[§] ( -2-7=2 )20 (mod p) ifp = c 2 + 2d 2 = 1,3 (mod 8) andA\c-l, 
(mod p) if p = 5, 7 (mod 8) 

and 

g ) 2 (? ) _ / 4c2 ( mod P) = c ' + 2rf2 = !' 3 ( mod 8 )' 

k=0 



8 k \ (mod p 2 ) ifp = 5, 7 (mod 8). 



p-i 

2 



Proof. From Corollary 3.1 and Lemma 4.3 we deduce that 

c- P-I 

P [§] (-=) = - (I) $> 3 + 3(-10v^2 - 5)n - 28 + 70^) * 

* n=0 

(f )(^)(-l)[fl(|)2c = (^?)(-l)[f]2c (mod p) 

if p = c 2 + 2d 2 = 1,3 (mod 8) and 4 | c - 1, 

0(modp) if p = 5, 7 (mod 8). 

Now taking m = 8 and t = 2 in Theorem 4.1 and then applying the above we 

deduce the remaining result. 

Remark 4.1 Let p be an odd prime. Zhi-Wei Sun conjectured that ([Sul, Conjecture 
A5]) 

g ) 2 (? ) _ / 4c2 " 2 P ( mod P 2 ) if P = ° 2 + 2d2 = !» 3 ( mod 8 )> 



fc=0 



8 fc ~t0(modp 2 ) if p = 5,7 (mod 8). 



Corollary 4.1. Let p be a prime such that p = 1,3 (mod 8) and p = c 2 + 2d 2 w;i£/i 
c = 1 (mod 4) . Then 



/5dx = f (^)2c (mod p) z/p = 1 (mod 8), 

fJ ^ c / 1 (_i)^ i (£^) 2c (modp) ifp = ?> (mod 8). 



Pr£i 



Proof. It is clear that (jj) = (§) = (^) = 1. Thus 

/2 + c/d\ _ /d\ c + 2d /c + 2d\ P -i 2d+ e -i / p \ 

v p ) ~ \p) { ~p~> ~ \~p~) ~ { ~ > 2 2 l^T+2dJ 

_ ( 1) ^ d / (c + 2d)(c-2d) + 6d 2 x _ ( 1)E ^ df 6 



c + 2d / Vc + 2d 

/ , \ I (c+2d) 2 -l / 3 \ . p-l+4d+2d 2 , \ P- 1 ^ I e+2d-l + 2d 

= (-1) 2 d + 8 = (-1) 8 . (-1) 2 a + 2 



c + 2d/ v ' v ' V 3 

ifc-d\ f (-l) £ ^ i (^) ifp = l(mod8), 

(_l) £ ^ + 4 1 (c=d) if p = 3(mod8). 



J V 3 / I (_u*i£+*P(c=d 



By Theorem 4.3 we have 



7d/ V p / V p 

Now combining all the above we obtain the result. 
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Lemma 4.4. Let p be an odd prime and p 7^ 11. Then 
p-i 

E 



x 3 21 • 1 l.r • 11-1 l-\ f (tt)« */ (£) = 1 arad so 4 P = u * + llv ' 



p } lo */(£) = -!• 

Proof. It is known that (see [PR] and [JM]) 
/x 3 -96-llx + 112-ll 2 \ 



P — ^ 3 -96-llx + 112-llS f (f)(ft) w if (f T ) = l^d4p = u 2 + llv 2 , 

if (^-) = -1. 



x=o r ^ " iJ - v 11 

Since 

— 1 '£ 3 - 96 -llz + 112 -ll 2 



y-v - 90 • llX + 112 • 11" j 

_ g ^(2x) 3 - 96 • 11 • 2x + 112 • 11 2 \ _ ^2 j g ^x 3 - 24 • 11a; + 14 • ll 2 



x=0 1 1 x=0 1 

we deduce the result. 

Lemma 4.5. Let p 7^ 11 be an odd prime. Then 
p-i 

^(n 3 + 12(-5 + v^Tl)n + 14(11 - 4 V /Z TT)) Z ^ 

( ~ 22+2v ^ TT )(^)-u (mod p) if (£) = 1 and so 4p = u 2 + llv 2 , 
0(modp) z/(£) = -l. 

Proof. It is easily seen that 

12(-5 + v^TT) = -24 ■ 11 (^i 1 ) 2 aud 14(11 - 4>/=n) = 14 • ll 2 {^^j • 

Thus, by Lemma 4.1 we have 
p-i 



(n 3 + 12(-5 + V^TT)n + 14(11 - 4 V /Z TT)) 



p-i 
2 



n=0 



(^)^E(^ — + 



2 



2 v /r TT 



x=0 



/-22 + 2 v /z TT\ ii i i ^ /x 3 -24- llx+ 14- 11 2 \ , , 
I -11.4 J ^ I p ) (m ° d ^ 

x=0 y 



Now applying Lemma 4.4 we deduce the result. 
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Theorem 4.4. Let p ^ 11 be an odd prime. Then 



P rP1 (^EH) = | -(|)( " n V^ )(TT)^ ( mod P) tf(n) = 1 ana 1 so 4p = n 2 + lit; 2 , 



L 3 



O(modp) */(£) = _i 



arid 



(T) 2 ( 3 *) = / w2 ( mod p) (tt) = 1 and 80 ±P = u 2 + \\v\ 

to ^ "I0(modp 2 ) tf(£) = -l. 



Proof. From Corollary 3.1 and Lemma 4.5 we deduce that 



% i (^) - - (I) E (" 3 + s ^ - 5 >" + ^ + 22 - 7 ^ TT ) ' 



n=0 
p-1 



3. 



E(( |)3 + 3 (v ^T_ 8 )| + I^En)- 

n=0 



p-1 

f ) f ~) (™ 3 + 12 (~ 5 + v 73 !!)^ + 14(11 - 4 V /Z TT)) ^ 
v3/ \p/ ' * 



n=0 



-(f)( " 11 V^ TT )(lt)^ ( mod P) if (tt) = 1 and so 4p = w 2 + 1H> 2 , 
O(modp) if (£) = -!. 



Now taking m = 64 and t = v/ ~ 11 in Theorem 4.1 and then applying the above we deduce 
the remaining result. 

Remark 4.2 Let p be an odd prime such that p ^ 11. Zhi-Wei Sun conjectured that 
([Sul, Conjecture A4]) 

g (tffif) _ / w 2 - 2p (mod p 2 ) if (£) = 1 and so 4p = n 2 + lit; 2 , 



A ,_ () 64* lO(modp 2 ) if(£) • 1. 



Corollary 4.2. Let p 6e an odd prime such that {jt) = 1 and so 4p = u 2 + llv 2 with 



n, v 



£ Z. Let v = 2 a VQ and u — llv = 2^w with 2 \ vqw. Then 



%(i)-(-D^(ir(^')-(~")- 
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Proof. It is clear that 
-11 + u/v\ /v(u — 



f — 11 + u/v^ fv(u — llv) ^ ^2 ^ a +P /vq j fw j 



2\ " h 1 ■ ^ 1! / /' 



V 



V 



V 




1) 



2\ 



? — i — • (-1 

2 i n„,2 x ,„,2 



uj — 1 p — 1 / 
~~ 2 2~~ ' 



W 



. ^o-^ p-i /ir + llv \ /it + lli> z 

-1) 2'2 



^0 



Vn —w 



1 ) " - 



^ /w 2 \ /w 2 - 121 r- + l:'.2'- 

v 



p-i /33\ 



w 



) 



» p-i fu — lltr 

2 ' 2 



"I) 



"0— p-i /U + t> \ / U 

2 ' 2 



Thus, by Theorem 4.4 and the above we get 



i S1 (£)HI)(^)(n) 



it 



w 2 + llu 2 \ /2\«+/3 



2\ a +P , , "o-^ p-i /t> — it 

-) (-D 2 ' 2 



^ w (mod p). 



This proves the corollary. 



Let p > 3 be a prime and let F p be the field of p elements. For to, n G F p let 
#E p (x 3 + mx + n) be the number of points on the curve E: y 2 = x 3 + mx + n over the 
field F p . It is well known that (see for example [SI, pp. 221-222]) 



(4.2) 



p—l q 

,, „ , o fx + mx + n\ 
#E p (x 6 + mx + n)=p + l + 2_^ ( J . 

x=0 ^ 



Let K = Q(y/—d) be an imaginary quadratic field and the curve y 2 = x 3 + mx + n has 
complex multiplication by K. By Deuring's theorem ([C, Theorem 14.16],[PV],[I]), we 
have 



(4.3) 



#E p (x 3 + mx + n) 



p + 1 if p is inert in K, 

p + 1 — tv — tv if p = tvtv in K, 



where tv is in an order in K and tv is the conjugate number of tv. If 4p = u 2 + dv 2 with 
u, v G Z, we may take tv = \{u + v\J—d). Thus, 



(4.4) 



P— 1 q 

y~v / ./•" + in r f // 



x=0 



±it if 4p = u 2 + dv 2 with «,dgZ, 
otherwise. 



In [Gr], [JM] and [PV] the sign of u in (4.4) was determined for those imaginary quadratic 
fields K with class number 1. In [LM] and [I] the sign of u in (4.4) was determined for 
imaginary quadratic fields K with class number 2. For general results on the sign of u in 
(4.4), see [M], [St], [RS] and the survey [Ri]. 
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Lemma 4.6. Let p be a prime with p = ±1 (mod 8). Then 



P 1 'n 3 + (- 15 + 6^)^ + 24 -14^ 

n=0 



«, / It T \ — i-O T "V &}H> T *1 — J-^V ^ \ 
£^ P ' 

2x(^) i/p = 1,7 (mod 24) and sop = i 2 + 6y 2 ; 
ifp = 17,23 (mod 24). 

Proof. It is easy to check the result for p = 7. Now assume p > 17. From [I, p. 133] we 
know that the elliptic curve defined by the equation y 2 = x 3 + (-21 + 12 V2)x - 28 + 22^2 
has complex multiplication by the order of discriminant —24. Since 4p — u 2 +24v 2 implies 
2 | u and p = (f ) 2 + 6f 2 , by (4.4) and [I, Theorem 3.1] we have 

p-i 



Observe that 



n=0 P 

2x(^)( 1± ^-) if p = 1,7 (mod 24) and so p = x 2 + 6y 2 , 

if p = 17,23 (mod 24). 

-15-6V2 , , 21 • 1 1 V '2 , 



(1 + V2) 2 and — V == = (l + v 7 ^ 



-21 + 12^ '" -28 + 22\/2 

Using Corollary 3.2 and Lemma 4.1 we see that 

p\ ^ tn 3 + (-15 + 6V2)n + 24 - 14\/2\ 
3^ ±i V P ) 



n=0 
P -1 . 3 



(15 + 6V2)n + 24 + 14^ 



n=0 P 
p_1 



1 + v^A (n 3 + (-21 + 12^)71 - 28 + 22^ 



n=0 P 7 

Now putting all the above together we obtain the result. 
Theorem 4.5. Let p be a prime such that p = 1, 7 (mod 8). T/ten 

/^2\ _ J 2x(|) (mod p) z/p = x 2 + 6y 2 = 1,7 (mod 24), 

[f ] VlT/ = \ (mod p) ifp = 17,23 (mod 24) 

and 

fc=0 



216 fc " \ (mod p 2 ) i/p = 17, 23 (mod 24). 
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Proof. From Theorem 3.1 and Lemma 4.6 we deduce that 

p-i 

rrr -+- ^— 10 -t- o^ 

P 



Pp = j2 ( n3 + ^~ 15 + 6v/ ^ n + 24 - 14v/2 ) 



n=0 

-2x(^) = 2x(§) (modp) if p = x 2 + 6y 2 = 1,7 (mod 24), 
O(modp) if p = 17,23 (mod 24). 

Taking m = 216 and t = ^ in Theorem 4.1 and then applying the above we deduce the 
remaining result. 

Remark 4.3 For any prime p > 3, Z.W. Sun conjectured that ([Sul, A14]) 

p-i /2fe\ 2 /3fe\ f 4;r 2 - 2p (mod p 2 ) if p = x 2 + 6y 2 = 1, 7 (mod 24), 

fc=0 [o(modp 2 ) ifp = 13,17,19,23 (mod 24). 

Conjecture 4.1. Let p be a prime such that p = 5, 11, 13, 19 (mod 24). T/ien 

z/p = 13,19 (mod 24), 



l * J V 2 J \ -2x(%)V2 



-2x(^)V2 (mod p) ifp = 2x 2 + 3y 2 = 5, 11 (mod 24). 
Lemma 4.7. Let p be a prime with p = ±1 (mod 5). Then 

P-l 3 



+ (-15 + 12^5)71 + 42 - 28^ 



n=0 



2x(^f) z/p = 1,4 (mod 15) and so p = x 2 + 15y 2 , 
i/p= 11,14 (mod 15). 

Proof. From [I, Proposition 3.3] we know that the elliptic curve defined by the equation 
y 2 = x 3 + (105 + 48v / 5)£ — 784 — 350\/5 has complex multiplication by the order of 
discriminant —15. Since 4p = u 2 + 60w 2 implies 2 | u and p = (^) 2 + 15w 2 , by (4.4) and 
[I, Theorem 3.1] we have 

J2^ n3 + ( 105 + 48^)™ - 784 - 350^ 

2x(^)( (1+ ^ )/2 ) ifp = 1,4 (mod 15) and so p = x 2 + 15y 2 , 
if p= 11,14 (mod 15). 



n=0 



Observe that 



-15 + 12^ , f- rt , 2 , 42 - 28\/5 , /- 

I— = (V5-2) 2 and ^-^ = (V5-2) 3 . 

105 + 48^5 -784 - 350^ 
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Using Lemma 4.1 we see that 



p_1 ,„3 



(^)E( 



^-2^^ /n 3 + (105 + 48v / 5)?i- 784- 350v / 5^ 



Note that (>/5 - 2)±±fi = (^fi) 2 . We then have (*^) = ( (1+ ^ )/2 ). Now putting 
all the above together we obtain the result. 



Theorem 4.6. Let p be a prime such that p = 1,4 (mod 5). Then 



2x(f ) (mod p) i/p = + 15y 2 = 1,4 (mod 15), 
O(modp) ifp= 11,14 (mod 15) 

ffcTffi _ f 4x2 ( mod P) */P = x2 + = M ( mod 15 )' 



and 

P-1 /2k\ 2 (3k\ ( A 9 



^ (-27) fc l0(modp 2 ) i/p= 11,14 (mod 15). 

Proof. From Theorem 3.1 and Lemma 4.7 we deduce that 
d / /P\ ^ /n 3 + (-15 + 12^)71 + 42 - 28v/5\ 

%](v 5 ) = -y { - j 

n=0 ^ 

f -2x(^) = 2x(f) (mod p) if p = x 2 + 15y 2 = 1,4 (mod 15), 
[ (mod p) if p = 11, 14 (mod 15). 

Taking m = —27 and t — \/5 in Theorem 4.1 and then applying the above we deduce the 
remaining result. 

Conjecture 4.2. Let p be an odd prime such that p = 2,7, 8, 13 (mod 15). Then 

p ^ f (mod p) ifp= 7, 13 (mod 15), 

[f] ' ~ I 2x(f )>/5 (mod p) i/p = 5x 2 + 3y 2 = 2,8 (mod 15). 



Lemma 4.8. Let p 6e a prime such that p = ±1 (mod 5). Then 
g ^n 3 + (-300 + 108^)^ - 2520 + 1042^ 

n=0 P 

(^)(f )x z/p = 1, 4 (mod 15) and so 4p = x 2 + 75y 2 , 

i/p = 11,14 (mod 15). 
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Proof. From [I, p. 134] we know that the elliptic curve defined by the equation y 2 = 
x 3 + (-2160 + 408^)^ + 42130 - 10472^ has complex multiplication by the order of 
discriminant —75. By (4.4) and [I, Theorem 3.1] we have 

J2^ n3 + (- 2160 + 408^)^ + 42130 - 10472^ 

n=0 P 

( ~ 25 ~ 13v ^ )(f)x Hp =1,4 (mod 15) and so 4p = x 2 + 75y 2 , 
if p = 11,14 (mod 15). 

Observe that 

-2160 + 408^ ( 7 + v / 5\ 2 , 42130- 10472^ ( 7 + v / 5\ 3 

and 



-300 + 108^ V 2 ) -2520 + 1042\/5 

Using Lemma 4.1 we see that 

— 'n 3 + (-2160 + 408V5)n + 42130 - 10472^ 



E 



n=0 P 
p-1 



_ /-(7 + V5)/2\^ /n 3 + (-300 + 108^)^ - 2520 + 1042v/5\ 
- I p ) 2- \ p J' 

Since 

2(-7 - >/5)(-25 - 13>/5) = 120 + 58^ = 2^(29 + 12y/E) = 2^(3 + 2y/E) 2 , 
from the above we deduce the result. 

Theorem 4.7. Let p be a prime such that p = 1,4 (mod 5). Then 

9 f — (f )x (mod p) if p = 1,4 (mod 15) and so 4p = x 2 + 75y 2 , 



Pie 

1-3 



and 



P-1 (2k\ 2 (3k\ 



Eli 



(mod p) if p = 11,14 (mod 15) 



x 2 (mod p) if p = 1,4 (mod 15) and so 4p = x 2 + 7hy A 



£;=0 



(-8640) fc \ (mod p 2 ) if p = 11, 14 (mod 15). 



Proof. From Theorem 3.1 and Lemma 4.8 we deduce that 

p-1 „3 | 27-15y / 5 , n | 521-252^ 



3 J V20 / V3/^V p 

n=0 



n=0 
p-1 

(S)e 



p-1 ( n \3 I 27-15V5 n , 521-252V5 

2-v/5' \/5 '2^5 20 



n=0 P 
p_1 ,^3 



f n3 + (~ 300 + ^V5)n - 2520 + 1042^ 



-(S)(^)?( 



n=o P 7 

— (§)x (mod p) if p = 1, 4 (mod 15) and so 4p = x 2 + 75y 2 , 

(mod p) if p = 11, 14 (mod 15). 
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Taking m = —8640 and t = in Theorem 4.1 and then applying the above we deduce 
the remaining result. 

Remark 4.4 In [S2] the author conjectured that for any prime p > 5, 

(4a; 2 - 2p (mod p 2 ) if 3 | p - 1, p = x 2 + 3y 2 and 5 | xy, 

p-2x 2 ±6xy(modp 2 ) if 3 | p - 1, p = x 2 + 3y 2 , 5 { xy 

(-f 



to (" 864 °) fc ' 
This is equivalent to 



k (mod p 2 ) 



and x = ±y, ±2y (mod 5), 
if 3 | p - 2. 



'"(?) 2 ff) 



fc=0 



(-8640) 



x 2 - 2p (mod p 2 ) if p = 1, 4 (mod 15) and so 4p = x 2 + 75y 2 , 
2p - 3a; 2 (mod p 2 ) if p = 7, 13 (mod 15) and so 4p = 3a; 2 + 25y 2 , 



0(modp 2 ) ifp = 2(mod3). 

Conjecture 4.3. For any prime p > 5 we have 



9k + 1 /2fc\ 2 /3fc 
2- (-8640)* U J U 



Conjecture 4.4. Le£ p be a prime such that p = 7, 13, 17, 23 (mod 30). T/ien 

9 /^\ f 5j/(|) (mod p) z/p = 7, 13 (mod 30) arid so 4p = 3x 2 + 25y 2 , 



(mod p) 



if p= 17,23 (mod 30). 



Let 6 G {17, 41, 89} and /(&) = -12 3 , -48 3 , -300 3 according as b = 17, 41, 89. In [Sul, 
Conjectures A20, A22 and A23], Z.W. Sun conjectured that for any odd prime p ^ 3, 6, 
(4.5) 

P-i pf/3h f ^ 2 -2p(modp 2 ) if (§) = (£) = land so 4p = x 2 + 3by 2 , 
E fc 2ifc = S 2 ^ - 3x2 ( mod P 2 ) if (f) = (!) = - 1 and so 4 P = 3a;2 + 6 ^ 



£;=0 



if (f) = -(f)- 



(mod p 2 ) 

Now we partially solve (4.5). 
Theorem 4.8. Let p be an odd prime such that (-^) = 1. Then 

— {%)x (mod p) if p = 1 (mod 3) and so 4p = x 2 + 51y z 



and 



[3J V 4 / lo(modp) i/p = 2 (mod 3). 



P-I (2k\ 2 (3k\ 



) ( k ) f x2 ( mod P) tfP = 1 ( m °d 3) and so 4p = x 2 + 51y 2 , 



k=0 



(_12)3* \ o (mod p 2 ) ifp = 2 (mod 3). 
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Proof. From [I, p. 134] we know that the elliptic curve defined by the equation y 2 = 
x 3 — (60 + 12VT7)x — 210 — 56VT7 has complex multiplication by the order of discriminant 
—51. Thus, by (4.4) and [I, Theorem 3.1] we have 

g ( n 3 - (60 + 12VT7)n - 210 - 56^ ^ 

n=0 P 

(^)(f )x if p = 1 (mod 3) and so 4p = x 2 + 51y 2 , 
ifp = 2(mod3). 

It then follows from (1.3) and Theorem 3.1 that 

Vl7\ /p\„ / Vl7\ _ ^ /n 3 +3(-v / T7-5)n+f +22 + 7^^ 



ta(^Hi)%(-^)--E( 



n=0 P 



g ^ (-j ) 3 - 3(5 + y/V7)(-1) + 105+ f g ^ 

n=0 ^ 

-(?>§( 



n 3 - (60 + 12-v/l7)n - 210 - 56^^ 



n=o P 7 

— (| )x (mod p) if p = 1 (mod 3) and so 4p = x 2 + 51y 2 , 

(mod p) if p = 2 (mod 3). 



Taking m = — 12 3 and t = in Theorem 4.1 and then applying the above we deduce 
the remaining result. 

Conjecture 4.5. Let p be an odd prime such that (y^) = — 1. Then 

VT7\ [ (mod p) if p = 1 (mod 3), 

— (%)y\/l7 (mod p) if p = 2 (mod 3) and so 4p = 3x 2 + 17 y 2 . 



Theorem 4.9. Let p fee an odd prime such that (y) = 1. Then 



'5v^4l\ f — (f )x (mod p) i/p = 1 (mod 3) and so Ap = x + I23y , 



L3J V 32 / 1^ (mod p) if p = 2 (mod 3). 

and 

g ( 2 fc fc ) 2 ( 3 fc) _ / x 2 (mod p) z/p = 1 (mod 3) and so 4p = x 2 + 123y 2 , 



k=0 



(_48)3fc - ^ o ( mod p 2) ^ p = 2 (mod 3). 



Proof. From [I, p. 134] we know that the elliptic curve defined by the equation y 2 = 
x 3 + (-960 + 120\/4T)a; - 13314 + 2240\/41 has complex multiplication by the order of 
discriminant —123. Thus, by [I, Theorem 3.1] we have 

^ 3 - ( 960 - 120^)^ - 13314 + 2240 V / 4T^ 

(^)(f)a; if p = 1 (mod 3) and so 4p = x 2 + 123y 2 , 

ifp = 2(mod3). 
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It then follows from (1.3) and Theorem 3.1 that 



g ^ + 3(| ViT - 5)n + (j# ) 2 -7-^+22 ^ 

- x p_1 , r M3 I 15 / /7T ow n\ , 6657-1120y / 4T x 
~( ) ( ^^ 41 ~ S )(~8> + 256 ^ 

P ) ( _2 ) X] + _ 120 ^^ U ~ 13314 + 2240v/ ^j 



— (| )x (mod p) if p = 1 (mod 3) and so 4p = x 2 + 51y 2 , 
(mod p) if p = 2 (mod 3). 



Taking m = — 48 3 and t = in Theorem 4.1 and then applying the above we deduce 
the remaining result. 

Conjecture 4.6. Let p be an odd prime such that (^-) = —1. Then 
/5 V / 4T\ _ f (mod p) if p = 1 (mod 3), 

PfEi 



32 / [ _(|) yv /4i ( mo d p ) if p = 2 (mod 3) and so 4p = 3x 2 + 41y 2 . 



Theorem 4.10. Let p > 5 be a prime such that (^) = 1. Then 



/53V89\ _ ( -(§ )x (mod p) i/p = 1 (mod 3) and so Ap = x 2 + 267y 2 , 
[ § ] V 500 / = I (mod p) if p = 2 (mod 3). 



and 



Ck)\ 3 k) _ / x2 ( mod P) */P = 1 ( mod 3 ) and 80 4p = x 2 + 267y 2 , 



fc=0 



(-300) 3fc [ (mod p 2 ) ifp = 2 (mod 3). 



Proof. From [I, p. 135] we know that the elliptic curve defined by the equation y 2 = 
x 3 + (-37500 + 3180^)^ + 3250002 - 371000^89 has complex multiplication by the 
order of discriminant —267. Thus, by [I, Theorem 3.1] we have 

J2^ n3 + (- 37500 + 3180V89)n + 3250002 - 371000^^ 

n=0 P 

J (|)(f )x if p = 1 (mod 3) and so 4p = x 2 + 267y 2 , 

~\o if p = 2 (mod 3). 
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It then follows from (1.3) and Theorem 3.1 that 

53V89\_ (P\ g / n 3 + 3(4 ■ jy^Q - 5)n + 4(||v^9) 2 - 28 ■ ^ + 22 x 

n=0 P 

P- 1 ,/n\3 | -1875+159\/89 n , 1625001-185500y / 89 , 
V50/ 125 ' 50 ~ l ~ 



[ 3 J V 500 / V3 

n=0 



= -^j ^ ^50^ + 125 " 50 + 250^ ' j 

^ n=0 ^ 

P\ f 50 \ f n3 + (-37500 + 3180^)^ + 3250002 - 371000\/89 



3/ V p / ^— ' V p 

^ n=0 ^ 

— (§)# (mod p) if p = 1 (mod 3) and so 4p = x 2 + 51y 2 , 

(mod p) if p = 2 (mod 3). 



Taking m = — 300 3 and t = 53 ^q 9 in Theorem 4.1 and then applying the above we deduce 
the remaining result. 

Conjecture 4.7. Let p be an odd prime such that (JL) = —1. Then 
•53^/89 \ f (mod p) if p = 1 (mod 3), 



[§] ( ! 



500 / \ -(JL) yy /sQ (mod p) ifp = 2 (mod 3) and so 4p = 3x 2 + 89y 2 . 



In the end we pose the following conjectures. 
Conjecture 4.8. Let p be a prime with p = ±1 (mod 5). Then 

g ^n 3 + 3(-125 + 44V5> + 154(21 - lOv^ j 

n=0 ^ 

2x( 2 f) if p = 1,4 (mod 15) and so p = x 2 + I5y 2 , 



ifp= 11,14 (mod 15). 

If Conjecture 4.8 is true, we may discuss the following conjecture in [S2]: 

p-1 /2k\ 2 /3k\ ( 4x 2 — 2p (mod p 2 ) if p = 1, 4 (mod 15) and so p = x 2 + 15y 2 , 
X fc 15 3fc = S 2 P - 12x2 ( mod P 2 ) if P = 2, 8 (mod 15) and so p = 3x 2 + 5y 2 , 
k=0 [o(modp 2 ) ifp = 7,11,13,14 (mod 15). 

Conjecture 4.9. For any prime p > 5 we have 



^33/c + 4 (2k\ 2 /3A;\ , fp\ . , 3 . 

g^5^UJ UJ^Ma) (modp ) - 
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Conjecture 4.10. Let p > 5 be a prime. Then 



{2x(|) (mod p) if p = 1, 19 (mod 30) and so p = x 2 + I5y 2 , 

-2^/(1)^5 (mod p) ifp = 17, 23 (mod 30) and so p = 3x 2 + by 2 , 
O(modp) ifp = 7,11,13,29 (mod 30). 

In [S2], the author also conjectured that for any prime p > 3, 

Ck) 2 Ck) _ / 4x2 - 2 P ( mod P 2 ) if P = 1 ( mod 3 ) and sop = x 2 + 3y 2 , 
£f 1458 fc = \ (mod p 2 ) if p = 2 (mod 3). 

Conjecture 4.11. For any prime p > 3 we have 

^ 15k + 2 (2k\ 2 f3k\ . i .^i o . , 3 . 

Conjecture 4.12. Let p > 3 be a prime. Then 

f5\^3\ _ \ (— l) £ 2 _ 2x(|) (mod p) if p = 1 (mod 3) and so p = x 2 + 3y 2 , 
[f] V 9 / lo(modp) i/p = 2(mod3). 
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